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EXISTENCE OF THE DENSITY OF STATES
FOR SOME ALLOY TYPE MODELS WITH SINGLE SITE
POTENTIALS OF CHANGING SIGN
IVAN VESELIC´
Abstract. We study spectral properties of ergodic random Schro¨dinger
operators on L2(Rd). The density of states is shown to exist for a certain
class of alloy type potentials with single site potentials of changing sign.
The Wegner estimate we prove implies Anderson localization under cer-
tain additional assumptions. For some examples we discuss briefly some
properties of the common and conditional densities of the random cou-
pling constants used in the proof of the Wegner estimate.
Sazˇetak. Analiziraju se spektralna svojstva ergodicˇkih slucˇajnih
Schro¨dingerovih operatora na L2(Rd). Dokazuje se, da gustoc´a stanja
postoji za odredjenu klasu potencijala tipa legure, kod kojih pojedinacˇni
potencijal mijenja predznak. Uz odredjene dodatne uvjete Wegnerova
ocjena koju dokazujemo implicira fenomen Andersonove lokalizacije. Na
osnovu primjera promatramo neka svojstva zajednicˇke i uvjetne gustoc´e
slucˇajnih konstanti veze. Te gustoc´e se koriste u dokazu Wegnerove
ocjene.
1. Alloy type model and the integrated density of states
We consider Schro¨dinger operators with a potential which is a stochas-
tic process ergodic with respect to translations from Zd. Such operators
model quantum mechanical Hamiltonians which govern the motion of single
electrons in disordered solids. The spectral properties of the Schro¨dinger op-
erator are related to the dynamical behaviour of the electron wave packets
and thus to the charge transport properties of the described solid, cf. e.g. [4,
12, 29].
The random potential considered in this note is of alloy or continuous
Anderson type:
V : Ω× Rd → R, Vω(x) =
∑
k∈Zd
u(x− k).
The function u ∈ Lp (p = 2 for d ≤ 3 and p > d2 for d ≥ 4) whose
translates generate Vω is called single site potential. The ”strength” of the
potentials u(· − k) associated to different lattice sites k ∈ Zd is a random
variable ωk : Ω→ R. We assume that the sequence (ωk)k∈Zd is independent
and identically distributed (iid), and moreover that each ωk is distributed
according to the probability measure µ which has a density f in the Sobolev
space W 1,1c (R). We may identify the probability space (Ω,P) with the space
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×k∈ZdR equipped with the product measure⊗k∈Zdµ. Thus an element ω ∈ Ω
is a random vector (ωk)k∈Zd .
The alloy type model is the random Schro¨dinger operator, or more pre-
cisely, the random family of Schro¨dinger operators, given by
Hω := H0 + Vω, ω ∈ Ω, H0 := −∆+ V0(1)
where V0 ∈ L
p
loc(R
d) is a Zd-periodic potential and p is chosen depending on
the dimension, as above.
A large part of the mathematical literature and results on random Schro¨dinger
operators are devoted to the model just described, certain derivatives thereof,
cf. e.g. [24, 6, 18] and its discrete version on l2(Zd) — actually the original
model studied by Anderson [1]. An extensive list of references can be found
in the textbooks [10, 20, 5, 30, 32].
The name alloy type model stems from the fact that one can consider
u(· − k) as an atomic potential, say of screened Coulomb type, due to a
nucleus sitting at the lattice site k ∈ Zd. While the lattice structure of the
solid is fixed and all atoms are assumed to generate a potential of the same
shape, the distribution of the different types of atoms on the lattice sites is
random. This is then modelled by random nuclear charges ωk which appear
as coupling constants in front of the atomic potential u(·−k) and determine
its ”strength”.
Under the above assumptions on Hω it is well known that the spectrum
and its measure theoretic components are almost surely non-random. More
precisely, there exist Ω′ ⊂ Ω of measure one and a subset of the reals Σ such
that σ(Hω) = Σ for all ω ∈ Ω
′. The analog statement is true for the sets
σdisc(Hω), σess(Hω), σac(Hω), σsc(Hω) and σpp(Hω). (Here we denote by σpp
the closure of the set of eigenvalues.) This property of the spectrum is called
selfaveraging. It is due to the fact that on the infinite configuration space Rd
the fluctuations of the potential Vω, which are present in finite size cubes,
cancel out thanks to the iid property of the random coupling constants.
Part of the spectral properties of the family of Schro¨dinger operators
Hω is contained in the integrated density of states (IDS). It can be used
to calculate the basic thermodynamic quantities of the corresponding non-
interacting many particle system, cf. e.g. [17, 11]. In physical terms, the
IDS counts the number of energy levels per unit volume, up to a given
energy E. The possible existence of continuous spectrum makes a careful
mathematical definition of the IDS necessary, which is as follows: Denote
by Λ = Λl the cube [0, l[
d and with H lω the restriction of Hω to the interior
of Λl with periodic boundary conditions. Then the normalized eigenvalue
counting functions
N lω(E) = l
−d#{i| λi(H
l
ω) < E} = l
−dTrP lω(]−∞, E[)(2)
of H lω converge for almost all ω to a limit N(E) := liml→∞N
l
ω(E) which is
ω-independent. This convergence holds true for all E which are continuity
points of N . Here we denote with P lω(I) the spectral projection of Hω
onto the interval I. Since the limit N is independent of the randomness,
we encountered another selfaveraging quantity. Its set of points of increase
I := {E ∈ R|N(E+ ǫ)−N(E− ǫ) > 0} coincides with the a.s. spectrum Σ.
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This note is organized as follows. In the next section we state our main
theorem and related results of other authors as well as the implications for
Anderson localization, Section 3 contains a sketch of the proof of the main
theorem and the last section is devoted to the discussion of the proof of
localization using the multiscale analysis and to Wegner estimates for alloy
type potentials with dependent random coupling constants. Furthermore
we discuss some technical differences of the use of the common and the
conditional density of the coupling constants.
2. Main theorem: A Wegner estimate for indefinite potentials
A Wegner estimate [36] is a assertion about the regularity of the finite
volume IDS N lω which may imply the Ho¨lder continuity of the IDS on R
d
or even the existence of its derivative dN/dE, the density of states (DOS).
Note that in the following result the single site potential may be indefinite,
i.e. take values of both signs.
Theorem 2.1 ([34, 35]). Let Lp(Rd) ∋ w ≥ κχ[0,1]d with κ > 0 and p = 2
for d ≤ 3 and p > d/2 for d ≥ 4. Let Γ ⊂ Zd be finite, the convolution vector
α = (αk)k∈Γ satisfy α
∗ :=
∑
k 6=0 |αk| < |α0|, and the single site potential be
of generalized step function form:
u(x) =
∑
k∈Γ
αk w(x− k).(3)
Then there exists for all E ∈ R a constant C = C(E) such that∫
Ω
[
TrP lω([E − ǫ, E])
]
dP(ω) ≤ C ǫ ld, ∀ ǫ ≥ 0.(4)
The theorem implies that the DOS exists for a.e. E and is locally uni-
formly bounded: dN(E)/dE ≤ C(E1) for all E ≤ E1. The following result
with V. Kostrykin applies to uniform densities.
Proposition 2.2 ([27]). The assertion of Theorem 2.1 holds true if f is the
uniform density on an interval and Γ ⊂ {k ∈ Zd| ki ≥ 0 ∀ i = 1, . . . , d}.
First Wegner estimates for indefinite alloy type potentials were derived
in [25]. In [16] P. Hislop and F. Klopp combine the techniques from [25]
and [9] to prove a Wegner estimate valid for general indefinite single site
potentials and for energy intervals at edges of σ(Hω). They assume the
single site potential u not to vanish identically and to be in Cc ∩ l
1(Lp)
with p ≥ min(d, 2). The density f ∈ L∞c of the random variable ω0 (which
may be in fact the conditional density w.r.t. ω⊥0 := (ωk)k 6=0) is assumed to
be locally absolutely continuous. For any β < 1 and any energy interval I
below the spectrum of the unperturbed operator H0 they prove
P{σ(H lω) ∩ I 6= ∅} ≤ C |I|
β ld
where the constant C depends only on β, d and dist(I, σ(H0)). With a
sufficiently small global coupling constant λ the same result holds for the
operator H0 + λVω for I in an internal spectral gap of H0. The results of
[16] extend to more general models including certain operators with random
magnetic field.
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The literature on Wegner estimates for multidimensional alloy type mod-
els includes [28, 7, 2, 22, 21, 31, 9, 19, 23].
Theorem 2.1 and Proposition 2.2 imply a localization result if the negative
part u− of the single site potential is sufficiently small.
Theorem 2.3 ([34]). Let Hω satisfy the assumptions of Theorem 2.1 or
Proposition 2.2, let w have compact support and E be a boundary point of
σ(Hω). Let furthermore either
1. V0 be symmetric w.r.t. refelections along the coordinate axes and E =
inf σ(Hω), or
2. supp f = [ω−, ω+] and for τ > d/2 and h ≥ 0 sufficiently small let the
density f satisfy
∫ h
ω−
f ≤ hτ and
∫ ω+
ω+−h
f ≤ hτ .
Then there exist ǫ, r > 0 such that for
∑
αl<0
αl ≥ −ǫ
[E − r,E + r] ∩ σc(Hω) = ∅ and σ(Hω) ∩ [E − r,E + r] 6= ∅(5)
The eigenfunctions of Hω with eigenvalues in [E − r,E + r] decay exponen-
tially.
In [16] this result has been generalized to a larger class of single site
potentials using results from [26] and an abstract version of the smallness
of u−. In one dimension the alloy type model has pure point at all energies
regardless of the sign properties of u [33]. The proof does not use a Wegner
estimate.
3. Sketch of the proof of Theorem 2.1
For simplicity we assume w = χ[0,1]d. Let Λ˜ := Λ ∩ Z
d, E denote the
expectation w.r.t. P and I := [E1, E2[ an energy interval. Thus we have
E
[
N lω(E2)−N
l
ω(E1)
]
= l−d E
[
TrP lω(I)
]
. We abbreviate χj := χ[0,1]d+j
and infer from [7] the inequality
E
[
TrP lω(I)
]
≤ eE2CV
∑
j∈Λ˜
∥∥∥E [χjP lω(I)χj]∥∥∥(6)
which corresponds to a partition of unity. Here the constant CV depends
only on V0, u and f . To estimate E [〈φ, χjP
l
ω(I)χjφ〉] for any normalized
φ ∈ L2(Λl) we introduce a transformation of coordinates on the probability
space Ω.
For each cube Λ = Λl denote Λ
+ := {λ− γ| λ ∈ Λ˜, γ ∈ Γ}. The operator
H lω depends only on the truncated random vector (ωk)k∈Λ+ ∈ R
#Λ+ . On
such vectors acts a block Toeplitz transformation AΛ := {αj−k}j,k∈Λ+ in-
duced by the convolution vector α. The transformation has an inverse BΛ =
{bk,j}k,j∈Λ+ = A
−1
Λ which is bounded in the row-sum norm ‖BΛ‖ ≤
1
1−α∗ .
We drop now the subscript Λ and denote with η := Aω the vector of the
transformed random coordinates. They have the common density
k(η) = kΛ(η) = |detB|F (A
−1η)(7)
where F (ω) =
∏
k∈Λ+ f (ωk) is the original density of the ωk. We calculate
the potential Vω written as a function of η (and x ∈ Λ):
Vω(x) = VBη(x) =
∑
j∈Λ˜
ηjχj(x).
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In the new representation of the potential the single site potentials are non-
negative, so we can to use a spectral averaging formula [7]∫
R
dηj k(η) s(η) ≤ |I| sup
ηj
|k(η)|, where s(η) := 〈φ, χjP
l
Bη(I)χjφ〉.(8)
Denote L = #Λ+. Fubini, (8) and the fundamental theorem of calculus give∫
RL
dη k(η) s(η) ≤ |I|
∫
RL−1
dη⊥j sup
ηj
|k(η)| ≤ |I|
∫
RL
dη |(∂jk)(η)|.(9)
The last integral equals |detA|
∫
RL
dω |(∂jk)(Aω)| which is bounded by
‖f ′‖L1
∑
k∈Λ+ |bk,j|. The proof of the theorem is finished by the estimate
E
[
〈φ, χjP
l
ω(I)χjφ〉
]
≤ |I| ‖f ′‖L1‖B‖.(10)
4. Discussion and Applications
4.1. Localization. The main application of Wegner estimates — apart
from establishing the regularity of the IDS — is the proof of localization,
i.e. the existence of dense pure point spectrum of Hω in certain energy re-
gions. For multidimensional Schro¨dinger operators on Ld(Rd) the multiscale
analysis of J. Fro¨hlich and T. Spencer [13] provides a method for proving
localization by induction over cubes in Rd of larger and larger side lengths.
To start the multiscale induction one has to know certain off-diagonal decay
estimates of the kernel of the resolvent of H lω at an initial length scale. For
non-negative u there are rather well understood sufficient conditions for this
estimates. The Wegner estimate is needed, too, as an a priori estimate for
the multiscale analysis, namely to control the induction step when going
from one scale to another, larger one.
We sketch the main estimates in the multiscale analysis under the assump-
tions of Theorem 2.3. For the following it is convenient to slightly change the
notation and denote by Λ = Λl(x) = [−l/2, l/2]
d + x the cube of side length
l centered at x. The characteristic function of Λl(x)−Λl−2(x), resp. Λl/3(x),
is abbreviated as χ+, resp. χ−. The cube Λ is called (γ,E)-good if the associ-
ated resolvent satisfies the following off-diagonal decay estimate in operator
norm
‖χ+(HΛω − E)
−1χ−‖ ≤ e−γ l.
The initial scale estimate for the multiscale analysis is satisfied if
P{∀E ∈ I : Λl(x) is (γ0, E)-good } ≥ 1− l
−ξ0
0(11)
holds for x ∈ Zd, l0 ∈ N sufficiently large and γ0 ≥ l
β−1
0 , β, ξ0 > 0. See [34]
how it is derived in the situation of Theorem 2.3. It serves as the induction
anchor. The geometric resolvent equation for two cubes Λ ⊂ Λ′, φ ∈ C1c (Λ)
and z ∈ ρ(HΛω ) ∩ ρ(H
Λ′
ω )
(HΛ − z)−1φ = φ(HΛ
′
− z)−1 + (HΛ − z)−1[(∇φ)∇ +∆φ](HΛ
′
− z)−1
and (some weak form of) a Wegner estimate
P{σ(HΛω ) ∩ I 6= ∅} ≤ C |I|
a vol(Λ)b
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with a ∈]0, 1], b ∈ [1,∞[ imply for x, y ∈ Zd, d(x, y) ≥ diam suppu
P{∀E ∈ I : Λl(x) or Λl(x) is (γ,E)-good } ≥ 1− l
−2ξ
for some α ∈]1, 2[, γ, ξ > 0 and all lk, k ∈ N, where l
α
k−1 ≤ lk ≤ l
α
k−1 + 6, k ∈
N. This establishes the exponential decay of the resolvent on arbitrary large
scales with high probability. Using a priori estimates on the (polynomial)
growth of eigenfunctions [3] one concludes that they actually decay expo-
nentially.
Details on the multiscale analysis can be found, e.g., in [32] and some
recent developments in [14, 15].
4.2. Dependent random coupling constants. The proof of Theorem 2.1
uses the transformation of Vω into an alloy type potential with non-negative
single site potential w ∈ Lp(Rd) and (negatively) correlated coupling con-
stants (ηk)k∈Zd . Thus we can interpret it as an Wegner estimate for the
Schro¨dinger operator Hη = −∆+ V0 +
∑
k∈Zd ηkw(· − k). This implies the
following Wegner estimate for dependent coupling constants:
Proposition 4.1. Let w ≥ κχ[0,1], κ > 0 and for each l ∈ N the com-
mon density kl of η
l = (ηk)k∈Λl conditioned on (ηk)k 6∈Λl be of the form
|detBl| kl(η) = F (Bl η
l), where f ∈ W 1,1 is a probability density, Fl(ω) =∏
k∈Λl
f(ωk) and Bl := Bl
(
(ηk)k 6∈Λl
)
is a sequence of invertible linear trans-
formations with sup{‖Bl‖ | (ηk)k 6∈Λl} ≤ const l
q. Then for each E ∈ R exists
a constant C = C(E) such that
E
[
TrP lη([E − ǫ, E])
]
≤ C ǫ lq+d, ∀ ǫ ≥ 0.(12)
Wegner estimates for alloy type models with dependent coupling constants
have been established in [8] (cf. also [19]). The criteria for their validity are
formulated in terms of the conditional densities hj(η) of the random variable
ηj w.r.t. the remaining ones η
⊥j = (ηk)k∈Zd\j . One necessary condition
is that the supremum ‖hj‖∞ is finite. This motivates the comparison of
some properties of the common and the conditional densities of the random
coupling constants in the next subsection.
4.3. Common and conditional densities. In this subsection we discuss
some properties of the common and conditional densities of the random
coupling constants. The proofs of Theorem 2.1 and Proposition 2.2 rely on
the use of a common density of the type (7). Since one has an explicit formula
for the corresponding conditional densities, it is desirable to analyze their
properties. Particularly, it is of interest whether the conditional densities
are bounded by a constant. If this is the case, the Wegner estimates of [8]
and [19] apply by considering the indefinite potential Vω in its representation
VBη as an alloy type potential with dependent coupling constants.
Lets look first at the common density kΛ. Its supremum is easily seen to
be |detBΛ| ‖f‖
L
∞, so it diverges exponentially with the volume of the cube
Λ. However, this does not matter since in (9) one takes the integral instead
of the supremum.
We restrict ourselves now to the one dimensional d = 1 case and note
that Λ = [0, l[ and Λ+ = {−1, . . . , l − 1}.
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Instead of considering the conditional density hj(η) of ηj w.r.t all coupling
constants we will study (for two simple examples) the conditional density
ρj(η) = ρ
l
j(η) of the variable ηj with respect to the remaining coupling
constants η⊥j = (ηk)k∈Λ+\j in Λ
+. It is given by ρj(η) =
k(η)
gj(η)
. Here
gj(η) := g
l
j(η) =
∫
k(η)dηj denotes the marginal density. The question is
whether supj ρ(η) is finite. If it is finite, does the upper bound depend on l
and does the bound diverge as l tends to infinity?
Example 4.2. Let u = χ[0,1]−χ[1,2], i.e. the convolution vector be (α0, α1) =
(1,−1). Then the assumptions of Theorem 2.1 are (just) not satisfied, since
|α1| = |α0|. However, Al = AΛ has an inverse Bl with entries bj,k = χ{j≥k}
for all −1 ≤ j, k ≤ l − 1. Thus ‖Bl‖ = l + 1 and (10) implies for f ∈W
1,1
E
[
〈φ, χjP
l
ω(I)χjφ〉
]
≤ |I| ‖f ′‖L1(l + 1).(13)
This gives a Wegner estimate like (4), but with ld replaced by l2d = l2.
Specialize now to the density f(x) = −4|x| + 2 on [−1/2, 1/2] and zero
elsewhere. We calculate a lower bound on the supremum by evaluating
the conditional density at η = 0, the unique maximum of k(η). For j ∈
{−1, . . . , l − 1} and l − j even we have
sup
η
ρlj(η) ≥ ρ
l
j(0) = l − j + 1.(14)
This bound diverges as the length l of the interval tends to infinity. Thus the
mere invertibility of A is not sufficient to ensure the uniform boundedness
of supη ρ
l
j(η). Remarkably the bound (14) has the same volume growth as
the one in (13) involving the common density. If (14) is actually the exact
behaviour of ‖ρlj‖∞ then the conditional density may be used to derive (13)
and a Wegner estimate.
Example 4.3. Consider now the density function f = χ[0,1] and the sin-
gle site potential u = χ[0,1] − αχ[1,2] with −α = α1 ∈] − 1, 0[. To the
corresponding alloy type model the Wegner estimate in Proposition 2.2
applies. We calculate now the supremum of the conditional densities ρj.
The common density is given by k(η) =
∏l−1
k=−1 χ[0,1](
∑k
ν=−1 α
k−νην). For
ηj+1 ∈ [0, 1], ηk = 0,∀k 6= j+1 we have k(η) =
∏l−1
k=j+1 χ[0,1](α
k−j−1ην) = 1.
The marginal density
gj(η) =
j−1∏
k=−1
χ[0,1]
(
k∑
ν=−1
αk−νην
) ∫ l−1∏
k=j
χ[0,1]
(
k∑
ν=−1
αk−νην
)
dηj
≤
∫
dηj
j+1∏
k=j
χ[0,1]
(
k∑
ν=−1
αk−νην
)
has for ηj+1 ∈ [0, 1], ηk = 0,∀k 6∈ {j, j + 1} the upper bound
∫ 1
0 χ[0,1](αηj +
ηj+1)dηj ≤ α
−1(1− ηj+1). Particularly, gj(η)ց 0 for ηj+1 ր 1 and thus
‖ρj‖∞ =∞.
So proofs of a Wegner estimate which require the conditional density to be
bounded cannot be applied to this alloy type potential.
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Note that we discussed only mathematical aspects of the use of the com-
mon, resp. conditional density. A different question is whether for physical
models the dependence between the coupling constants is most naturally
expressed in terms of the conditional or common densities, in terms of the
correlation coefficients or more general mixed moments.
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